By the method of linearized equations of motion for the fundamental pair operators, the pairing system in nuclei is treated unifiedly for both the normal and the super region. Any "free" vacuum is not assumed, which enables us the number conserving treatment. With the generalized definition of the gap energy d and the chemical potential A., a new gap equation and the number conserving random phase approximation are derived. The normalization of ampli· tudes is determined by energy-weighted sum rules. Applications are made. to the degenerate case and the two-shell case. The agreement between the theory and the exact solution is good for any interaction strength. An essential point of our theory is that it makes possible a description of the so-called transitional region with slight modifications of the conventional theory. § I. Introduction
The existence of the collective mode associated with the pairing interaction in nuclei, i.e., the pairing vibrational mode has been suggested. 1 l The collectivity of this mode is measured by the enhancement of the transition prabability in two nucleon transfer reactions. The microscopic description of this mode has been made within the framework of the BCS theory and the random phase approximation (RPA). 2 
l
In view of the collective theory, this mode is very interesting for the following reasons. First, recent experiments show significant deviations from the simple phonon model. 8 l This means that the anharmonic effect is very important and the RPA method loses its validity. The situation is rather similar to the case of the spherical vibrations associated with the quadrupole interaction, the description ·of which has been left as a difficult and pending problem. Secondly the pairing system has the formal analogy to the system with the quadrupole interaction ; 4 l The normal state and the super state correspond to the spherical state and the deformed state, respectively. The intrinsic deformation in the pairing case is measured by the gap parameter J. The breakdown of number conservation at tlie super phase corresponds to that of rotation symmetry at the deformed phase. In close connection with such a broken symmetry, a rotational mode arises in number space (or isospin space). A vibrational mode also appears in both regions as a fluctuation arround the each equilibrium phase.
The pairing system has a simple structure. As far as one is concerned with the pairing force between the same kind of nucleon, the interaction hamiltonian has a form of scalar coupling instead of vector one, and hence the fundamental ingrediants of the system are only three types of pair operators coupled with angular momentum zero (see § 2) . It may therefore be expected that a unified description of the system in both different phases including the so-called transitional region is much easier in the pairing system.
Recently a lot of work on this problem has been done by using the various methods developed in the field of the quadrupole-type collective motion: The boson expansion method, 5 l the generator coordinate method 6 l and the BarangerKumer collective variable' method 7 l are applied to the pairing system. These treatments are, however, still involved in spite of the simplicity of the system under consideration, and the physical meaning of the approximation is not sufficiently clear-cut. There should be a new method to reflect the above-mentioned characteristics of the system.
The main purpose of this paper is to give a simple theory by using the method of linearized equations of motion in which a unified description of the paring system is probable. The method contains in itself both the Hartree-Fock theory (or the BCS theory) and the RPA theory as a special approximation 8 l in which the linearization procedure is obtained by the factorization with respect to the "free" vacuum. Moreover it has been suggested that the extension of this method would be powerfull for a unified description of nuclear collective motion. 9 l Along this line, we set up equations of motion for fundamental pair operators, and linearize them without any assumption of a "free" vacuum. Our method does not suffer from the difficulty in the conventional theory such as the number non-conservation at the super phase, because such a broken symmetry is inherent in the super "free" vacuum. Similar treatments 10 J,llJ have been made, but they were intended only for the correction of the BCS theory due to the effect of the number conservation in the super region. A quite different approach 12 l has been proposed with regard to the mechanism of the pairing vibrational mode, although the thorough analysis of its validity is left to the subsequent studies.
In § 2 starting with the usual pairing hamiltonian, we derive a set of equations of motion for fundamental pair operators. In § 3 resultant equations for the matrix elements between the ground states of two adjacent nuclei give a new gap equation, and the occupation number of each shell in the ground state is determined. In § 4 similar equations for the matrix elements between the ground state and excited states give eigenvalue equation whose structure resembles the RPA equation (the number conserving RPA). The normalization is determined by the energy-weighted sum rules. Section 5 is devoted to the application of the theory to the simple model system in which the exact solutions are easily obtained (degenerate case and two-shell symmetrical case). Comparison is made between the results of our theory and those of the exact solution, and also the results of the conventional theory. It is shown that our results are much improved to the conventional one especially in the so-called transitional region, i.e., near the critical point from the normal phase to the super phase, and agree with those of the exact solution for the almost overall region of interaction strength. § 2. Equation of motion we start with the usual pairing hamiltonian:
Let us define the following pair operators coupled with angular momentum J = 0:
Commutation relations between these operators are given by
where !2 1 =j+1/2 (degeneracy of each shell) and O'JJ' is Kronecker's delta. Using these operators, we can describe the hamiltonian and the total number operator as
Here pt denotes the two-nucleon transfer operator and is defined as
Equations (2 · 4)"' (2 · 7) tell us that the operators A/, A,, N 1 are fundamental ingrediants in the pairing system: They form a closed algebra and are connected ,l::losely to the seniority scheme. 18 > Equations of motion for these operators are given by
In the matrix form, they are written as
where /N; p) represents any eigenstate of the N-particle system under consideration, with seniority zero, and WP (N) is its energy. (The suffix p denotes additional quantum numbers.) § 3. Ground state
1 A new gap equation
Let us define the following amplitudes:
where Po denotes the ground state. Furthermore we define the generalized gap energy J and chemical potential l. :
It should be noted that J and l. are difined throughout the overall region of interaction strength, and in the super limit they correspond to the usual gap parameter and chemical potential in the BCS theory. From Eq. (2 · 6) with above definitions, J can be expressed in terms of '1Jf 1 :
Then the equation of motion (2 ·Sa) leads us to
Here the matrix elements between ground states are considered to be so large *> The reason why the additional term G arises in the right·hand side of the Eq. (3·2b) is as follows: We have subtracted a term -GN from the ground state energy, which represents a self.energy, i.e., Hartree.type contribution of the pairing interaction and it is not to be included in our treatment. should be exist even at G<Gc. It may therefore be expected that the use of n/s including the abve effect would give the better results concerning the ground state properties. A method for determination of such n/s will be tried in the following subsection.
Finally, the energy of the ground state is given by under our approximation:
As was mentioned in the previous subsection, it is necessary that n/s should be given as a function of Ll and ).. in order that Eqs. (3 · 6) and (3 · 7) work as a gap equation. For that purpose we must set up some relations independent 
Let IN -1 ; j) be the lowest eigenstate*> of the odd nuclei with seniority v = 1 and angular momentum J = j, and WcJ) (N -1) be its energy. Then the above equation scan be written as follows:
Here the same approximation was made as in the preceding subsection. Using the following definition
we write Eq. (3 ·10) more compactly which finally lead us to
CjUJ="fiJUJ-JVJ,
Ce1-r;,) cei+r;1+G) =J 2 , u,/vj= -J/(e,-r;,).
It is easily seen that u!, v, and e, correspond to the u, v factor and the quasi- we obtain from equations of motion (2 · 8), 
and the suffix p is omitted for simplicity. From Eq. ( 4 · 3'), we obtain the following equations for 0" and r;
with
The above equations have simply the same structure as those derived from the RPA. Using Eq. (3·4), we easily obtain the equation for w from Eqs. (4·5) and (4·6):
Since w=PO in our case,
which can be reduced to the following dispersion equation: 
The amplitudes ¢1> q; 1 and x 1 can be expressed as follows:
x,=1Jf,·w/(1J,-~) ·fJ/(w+~).
2 The normalization of amplitudes
The normalization of the amplitudes ¢" ({JJ> XJ remains so far undetermined in our theory in contrast with the conventional RP A theory, in which. one can define the norm self-consistently within the framework of the theory using the quasiboson approximation. Therefore we must device a method to determine the norm by the relations independent of the equations of motion for the pair operators. It has been discussed 14 ' by Thouless that in a weak interaction limit, the solutions of the RPA gave the consistent results for the energy-weighted -sum rules derived from the ground state expectation value of the double commutator for any one-particle moment operator M: [ 
M, [H, M]].
Extending this proposition, we demand as the condition to determine the normalization that this type of energy-weighted sum rules should be fulfilled throughout any region of force strength. In order that the resultant equations can be described only with the amplitudes ¢J> q; 1 and XJ we adopt the following type of double commutator:
where N, represents the number operator in the i-th shell and K denotes the number of different shells. Equation ( 4 ·12 
where RP is defined as 
with (5·4b)
Suffix p labels any of the K -1 excited states. Using these normalization, one can get the two-nucleon transfer amblitudes as follows:
There exists no excited state with seniority zero in this case. It may therefore be expected that our results coinside with those of the exact solution, because the intermediate state is confined to only the ground state and our linearization procedure has no approximation. In fact Eqs. (5 ·1) and (5 · 2) give us the exact solutions:
On the other hand the BCS solutions are given as follows:
They are the good approximation to the exact one to the extent of the order 1/!J.
2 Two-shell symmetrical case
It is well known 1~l that the exact solutions of the two-shell case with the pairing hamiltonian are easily calculated. We assume each level has the same degeneracy !J for simplicity, and deal with the closed shell case, i.e., N = 2!J.
In such a case the solutions of the BCS and the RP A theory can be analytically obtained 15 l in a very simple manner. Let D be the energy distance between the levels. It is convenient to introduce the dimensionless force parameter x as follows:
Then the system undergoes the phase transition from the normal phase to .t!J.e super one at x = 1. In Table I 
In order to clarify qualitatively the behavior of our results in the transitional region, comparison is made in Table II between the expansion of our results in terms of x to the order of x 2 and the results of the second order of perturbation theory. Here the following relations are used:
The numerical results of our theory are. shown in Figs. 1 and 2 , where we compare our results with those of exact solutions and also those of the conventional theory. Table II . Comparison between the theory and the second order perturbation in the normal region. The same units are used as in Table I . 
O(x4) § 6. Concluding remarks
In order to obtain a unified description of the pairing correlation in nuclei, the method of linearized equations of motion for the fundamental pair operators is applied to the pairing system without any assumption of ·a "free" ground state. Resultant equations have structures very similar to those of the conventional BCS and RPA theory, although the significant improvement in the results is obtained. An essential point of our theory is that it makes possible a unified description of the pairing system with a slight modification of the conventional theory.
The advantage of our theory is summarized as follows.: i) Both the normal state and the super state can be treated in the same scheme. ii) Our treatment is the good approximation to the exact solution throughout any region of interaction strength including the so-called transitional region. iii). Our formalism is very close to that of the conventional theory, and no complications are brought into the theory. Physical meaning of the approximation is clear in this situation: The broken .symmetry is avoided, and the effect of the ground state correlation is consistently included in the transitional region.
[.a =20] iv) Simplicity in our treatment also makes easier the calculation in more realistic cases (i.e., the case of manyshell). Figures 2b and 2c show that our results for the transition amplitudes avoid the divergence properties of the RP A results at a critical point, and that agree with those of exact solution. As a whole, our theory gives good results in the transitional region. The fact is shown qualitatively in Table II . We should finally remark that our choice of n 1 is a tentative one, and a more consistent approach may be possible, for example, by taking into account the effect of excited intermediate states. Also the relation between our metho.d to determine the norm and the RPA one is not sufficiently clear. These problems are left to the future study. The numerical calculations in a more realistic case are now in progress.
